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The migration of particles in free surface flows using the diffusive flux model was
investigated. As the free-surface flows, a planar jet flow and a slot coating flow were
chosen. The suspension was assumed to be a Newtonian fluid with a particle concen-
tration dependent viscosity. The governing equations were solved numerically by the fi-
nite volume method, and the free-surface problem was handled by the volume of the
fraction model. The result shows that even though the velocity profile is fully devel-
oped and becomes flat, the particle distribution never reaches the uniform distribution
for both of the cases. It is also shown that the die swell of the free jet is reduced com-
pared to the Newtonian fluid and when the particle loading is 0.5, die contraction is
observed. The change in die swell characteristics is purely due to particle migration
since the suspension model does not show normal stress differences. VVC 2010 American
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Introduction

Since the pioneering report on the migration of spherical
particles in inhomogeneous flows by Leighton and Acrivos,1

there have been numerous theoretical and experimental stud-
ies on the migration of particles in various geometries. How-
ever, most of the studies on particle migration have been
limited to the flows inside solid boundaries, and there have
been only a few reports on the free-surface flow of suspen-
sion. It appears that Husband et al.2 first reported the migra-
tion of particles in a free-surface flow. They performed ex-
perimental studies on the flow of bimodal suspensions along
an inclined surface and found that large particles moved to-
ward the free surface. Tirumkudulu et al.3,4 considered the
partially filled horizontal cylinder rotating in its axis showing
that there was the segregation of particles to form band
structures along the axis and subsequent studies by Timber-
lake and Morris5 showed that the particle migration model
could explain the instability phenomena. Recently Timber-
lake and Morris6 performed experimental researches on the

gravity driven free-surface flow of a suspension of neutrally
buoyant spherical particles down an inclined plane, Singh
et al.7 considered a gravity-driven inclined channel flow and
Loimer et al.8 studied the free surface in the vorticity direc-
tion formed by the two belts to generate the plane Couette
flow. The studies by Timberlake and Morris6, Singh et al.7

and Loimer et al.8 observed the free-surface structure of
many length scales, both larger and smaller than the particle
size despite the fundamental difference in flow geometry and
flow pattern. However, no study has yet precisely measured
or estimated the particle concentration profile near the free
surface and the free-surface flow of suspension is far from
being fully understood. It is evident that we need more stud-
ies to understand the free-surface flow of suspensions both
experimentally and theoretically. Especially we need more
studies on the distribution of particle concentration and its
relation with the velocity profile considering the practical
application in many industrial processes where particle
migration is an important issue.

In the electronic industry, many different kinds of slurries
are processed.9–11 Some of the processes have free surfaces
and some free-surface flows of suspensions are similar to the
free jet flow. In the generation of an inkjet drop, for exam-
ple, a fluid element with suspended particles is ejected from
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the nozzle and forms a long liquid column behind the spheri-
cal head. During the flow through the piezoelectric nozzle,
the particles may migrate to the center due to the nonhomo-
geneous flow inside the nozzle and then they will redistrib-
ute during the formation of a ligament and the subsequent
contraction of the ligament outside the nozzle. Depending on
the uniformity of particle distribution inside the suspension
drop, the impinging characteristics and the final drying pat-
tern of the impinged suspension will vary. In the dispensing
of fluorescent suspensions to fill in the trough of less than
0.5 mm in PDP (plasma display panel) manufacturing indus-
tries, inside the nozzle, almost the same physical process
occurs. The liquid jet emerged from the nozzle travels for a
short distance before it reaches the trough. During the travel
of the jet particles segregated inside the nozzle have to be
redistributed for a better performance. Suspensions of vari-
ous levels of particle-loadings are also used in many coating
processes. For example, both of the electrodes of lithium-ion
batteries are manufactured by the slot coating processes of
the slurries. To improve the quality of coating products, it is
very important to keep the particle distribution uniform
throughout the flow paths.

Keeping in mind the fact that the aforementioned proc-
esses require the understanding of the particle distribution
and velocity profile within the flow domain, in this study,
we consider two different classes of the migration problems
with free surfaces. The first one is the planar jet problem. In
this case, the fully developed downstream velocity is not
known a priori, and the downstream velocity and the thick-
ness of the jet have to be determined as parts of the solution.
The second one is the slot coating problem. In this case we
specify the flow rate and web velocity as the part of the
problem, hence, the downstream velocity and the position of
the free surface are known a priori.

Until now, many approaches that simulate particle migra-
tion in suspension have been attempted and they can be classi-
fied as the ‘‘diffusive flux model’’ (Phillips et al.12) in which
particle migration is driven by the shear rate gradient and the
‘‘suspension balance model’’ (Jenkins and McTigue,13 Nott
and Brady,14 Morris and Boulay,15 and Miller and Morris16) in
which particle migration is driven by the gradient in the nor-
mal stress differences. As part of the suspension balance
model Nott and Brady14 introduced a novel concept of ‘‘sus-
pension temperature’’ which is the fluctuation of the particle
kinetic energy caused by the collisions among particles. In the
case of channel flow the Stokesian simulations were in good
agreement with the model predictions based on the suspension
temperature. Both of the models have their own merits. The
diffusive flux model is more phenomenological; the suspen-
sion balance model gives better insight on the fundamental
physics of the problem. Especially the singularity at the chan-
nel center does not appear in the case of Nott and Brady’s
model. It is not intended to compare the difference between
these models extensively in this research. Rather we consider
whether the diffusive flux model will be appropriate in under-
standing the migration phenomena. The concept of the diffu-
sive flux model was first introduced by Leighton and Acrivos1

in their seminal article on particle migration. They extracted
the scaling laws in the particle migration and gave the concept
of the diffusion by the particle collision. Phillips et al.12 pro-
posed the diffusive flux model considering the migration phe-

nomena due to gradients in shear rate and viscosity. They suc-
cessfully fitted their NMRI data on the Couette and Poiseuille
flows to the model calculations at the steady and transient
states. Subia et al.17 performed the simulation using the model
of Phillips et al.12 and compared with their NMRI experiments
on the piston flow and eccentric cylinder flow. They showed
that the shear-induced migration model was robust at captur-
ing the essential features in two- and three-dimensional prob-
lems. Recently Kim et al.18 successfully applied the diffusive
flux model to the migration of spherical particles suspended in
the Newtonian fluid under the torsional flows. By incorporat-
ing the curvature induced migration mechanism by Krishnan
et al.19 to the original model of Phillips et al.12 they predicted
the experimental observations of the particle migration in the
transient state at least semiquantitatively including the devel-
opment of the shock in particle concentration profiles. Shapley
et al.20 critically compared the predictions of several suspen-
sion temperature models of particle migration to the experi-
mental measurements in a concentrated suspension of noncol-
loidal spheres. They observed that the observed macroscopic
shear rate and particle-volume fraction profiles were fairly
well matched at moderate bulk-particle fractions, but different
from each other at high-particle concentrations. They also
observed that the predictions of the suspension temperature
and diffusive flux models were strikingly similar for the nar-
row gap Couette flow, and concluded that the suspension tem-
perature models did not appear to have a significant advantage
over the diffusive flux models. Another important point is the
suspension temperature prediction by the suspension balance
model. The suspension temperatures predicted by the suspen-
sion balance model (Nott and Brady14) are not consistent with
the experimental observation, and there is two-orders of mag-
nitude difference in the flow direction, and the suspension
temperatures are not isotropic (Lyon and Leal21) as assumed
in the suspension balance model. Therefore, the suspension
balance model based on the suspension temperature cannot
predict properly the normal stress difference which may have
a significant role in die swell of free-surface flow. To account
for the die swell the suspension balance model based on the
normal stress should be the best choice in principle. However,
until now the normal stress driven model cannot be considered
sufficiently accurate. The migration predicted by Miller and
Morris16 shows a difference between the model prediction and
experimental observation. Another fact is that even without
the normal stress difference the change in die swell character-
istics can be still predicted in the case of the diffusive flux
model. This point will be considered later in this article.

Considering the economy of the calculation and the accu-
racy of the result, the diffusive flux model could be a better
choice in the simulation of the particle migration. Therefore,
in this research, we applied the diffusive flux model by Phil-
lips et al.12 to the migration problem with free surfaces. In
the next section, we formulate the problems. Then we
describe the numerical technique and the validation of the
numerical method. Finally we describe the numerical result
and discuss the meaning of our results.

Formulation of the problem

Let us consider semi-infinite two parallel plates with a
gap distance d, as shown in Figure 1a. The plates are
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extended in the y- and z-directions semi-infinitely and infin-
itely, respectively. A suspension with particle loading / flows
through the channel at a constant flow rate along the y-axis
and comes out of the channel forming free surfaces. It is
assumed that the temperature of the system is steady and uni-
form. The flow is steady from a macroscopic point of view
even though the particles interact with each other and the wall
during flow. Particles suspended in the Newtonian fluid are
neutrally buoyant, and the radii of the particles are the same at
a. The particle size is large enough to neglect the Brownian
motion of the particle, say larger than 1 lm, but small enough
to regard the suspension as a continuum and to neglect the
wall effect. This is a necessary condition for net migration of
particles since the Brownian motion will smooth out the con-
centration gradient developed by the migration. It is also
assumed that there is no inertial effect due to particles since
the Reynolds number based on particle diameter is sufficiently
small. We consider two different cases for the downstream.
First, we consider that there is no barrier at the exit of the
channel. Then the flow becomes a 2-D jet problem. Second,
we consider a slot coating system where a flat plate is placed
perpendicular to the parallel plates and moving with a constant
velocity vw (web speed, See Figure 1b). In this case, each of
the parallel plates has a wing of finite size that is parallel to
the moving web. The gap distance between the wings and the
moving web has about the same size as the gap distance d.

We assume that the particle migration can be expressed
by the model by Phillips et al.12 where particle migration
occurs due to shear rate gradient and viscosity gradient. Phil-
lips et al. deduced that the fluxes due to the nonuniform ve-
locity and viscosity gradients are given as follows

Nc ¼ �Kca
2ð/rð _c/ÞÞ (1)

Ng ¼ �Kg _c/
2 a2

g

� �
dg
d/

r/; (2)

where Kc and Kg are a constant, / is the fraction of the
particle, _c is shear rate, and a is the radius of particle. In this
model it is postulated that the particle migration velocity of a
test particle is proportional to the difference in the rate of
collision, which is proportional to arð _c/Þ over a distance

O(a), and this collision gives rise to a displacement of O(a).
Here, it is also assumed that the collision frequency is
proportional to both _c and /, hence _c/. This gives the flux due
to the shear rate gradient. As there develops a concentration
gradient due to shear rate gradient the viscosity changes
accordingly. Over a distance O(a), the fractional change in
viscosity will be arg

g . If it is postulated that each interaction
causes a displacement of O(a), considering that the collision
frequency is proportional to _c/ the migration velocity due to
the viscosity gradient will be proportional to ð _c/Þða2=gÞrg.
The migration fluxes can be obtained by multiplying the
migration velocities with particle-volume fraction as given in
Eqs. 1 and 2. The total flux of particle can be obtained by the
sum of the fluxes due to the shear-induced migration and
viscosity-induced migration (the sum of Eqs. 1 and 2)

Nt ¼ Nc þ Ng (3)

The governing equations are the continuity and momen-
tum equations for fluid flow and diffusion equation for the
particle distribution

@q
@t

þr � ðq~vÞ ¼ 0 (4)

@qv
*

@t
þ q~v � r~v ¼ �rpþr � ð��sÞ þ qg

* þ~F (5)

@/
@t

þ~v � r/ ¼ �r � ðNtÞ (6)

where q is the density of suspension,~v is velocity vector, p is
pressure, ��s is stress tensor, ~g is the gravitational acceleration,
and ~F denotes body forces. It is assumed that the velocity of
particle is the same as the velocity of the liquid. The stress
tensor ��s is expressed by a Newtonian fluid with concentration
dependent viscosity, thus

��s ¼ gð/Þ��_c ð��_c ¼ r~vþr~vTÞ (7)

Here Krieger’s model is used for the viscosity model

g ¼ gsð1� /=/mÞ�1:82
(8)

In the aforementioned equation g is the viscosity of sus-
pension, gs is the viscosity of the dispersing medium, and
/m is the maximum packing fraction of particle and is 0.68
for hard spheres.

For the momentum equation, no-slip condition is applied
at the solid wall and normal and tangential force conditions
are applied at the free surfaces, thus

vs ¼ 0 ðat the solid boundaryÞ (9)

n � ��s � n ¼ 2Hr ¼ �rr � n ðat the fluid boundaryÞ (10)

t � ��s � n ¼ 0 ðat the fluid boundaryÞ (11)

For particle migration equation, no-flux condition is
applied at both of the walls and free surfaces

Figure 1. Geometries of the flows: (a) jet-flow system,
and (b) slot coating flow system.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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n � Kc/rð _c/Þ þ Kg _c/
2 1

g
dg
d/

r/

� �
¼ 0 (12)

In Eqs. 10, 11 and 12, n is the surface normal, and t is
the tangential vector to the surface. Also H and r denote the
mean curvature and surface tension.

Numerical method

Rather than writing a homemade code, we used a com-
mercial software package, FluentTM based on the FVM (fi-
nite volume method). The FVM method has been success-
fully used by Fang and Phan-Thien22 in the particle migra-
tion simulation. To handle the two-phase problems, we used
the volume of fraction (VOF) model of Fluent.

To solve the particle migration equation which is not in
the standard form of the diffusion equation for Fluent, we
devised a technique by using the user-defined functions of
Fluent. We set the sum of the righthand-side term of Eq. 6,
and the Brownian diffusion term in the standard form of the
diffusion equation (Eq. 13) to be the source term (S, Eq. 14)
of the diffusion equation to fit the governing equations to the
standard format of the Fluent software, thus

@/
@t

þ~v � r/ ¼ �r � ð�Dr/Þ þ S (13)

where

S ¼ �r � �Kc/rð _c/Þ � Kg _c/
2 1

g
dg
d/

r/

� �
þr � ð�Dr/Þ

(14)

In solving the governing equations we did not nondimensio-
nalize the equations as the Fluent software does not require
such a process.

In Figure 2, the FVM meshes for the jet and coating flows
are shown. In the case of the jet flow the total numbers of
nodes and cells were 3,614 and 3,460, respectively. In the
case of coating flow, 9,211 nodes and 8,800 cells were used.
Even though only the steady flow was concerned, the prob-
lems were formulated in the transient state and the time
marching technique of the first-order backward implicit
method was used. However, the transient solution was not
considered since the initial condition imposed here was cho-

sen so that the convergence was reached as fast as possible.
Actually we used the steady-state solution of the previous
problem as the initial condition for the next problem when
the parametric studies were performed. The time step was
determined so that we could obtain the converged solutions
while keeping the accuracy, and these values were 10�5 and
10�6 s for the jet and coating flows, respectively.

To validate the numerical code, we performed calculations
for the parallel plate system and compared with the semiana-
lytic, implicit solution obtained by solving the 1-D problem as
described in Phillips et al.12 and Kim,23 and given as follows

/
/w

¼ 1

n� 1

� �
1� /=/m

1� /w=/m

� ��1:82

(15)

Z 1=2

�1=2

/ðnÞdn ¼ /0 (16)

_c
_cw

¼ ðn� 1Þ 1� /=/m

1� /w=/m

� ��1:82

(17)

In the aforementioned equations, subscript w denotes wall, and
n ¼ x/d is the dimensionless coordinate across the channel. In
Figure 3, we plotted the particle-concentration distributions
and velocity profiles obtained by two different methods. In this
case, for the economy of calculation we assumed that, at the
inlet of the geometry, the particle distribution is the same as
the analytical result for parallel plates system. The numerical
solution catches the important features of particle migration
such as the migration to the low-shear region and velocity
blunting, and the agreement is excellent except the case of
particle-concentration distribution at the line of symmetry.
This discrepancy occurs because the Phillips et al.’s model has
a singularity where the shear rate vanishes. The numerical
solution cannot accommodate such singularity and the solution
has a rounded profile. The same phenomenon was also
observed in the finite element solution by Zhang and
Acrivos.24 Experimentally, Koh et al.25 reported the smooth
profile at the center of the channel. However, this is caused by
the finite size of the particle and was analyzed by Han et al.26

Our problem is basically a numerical artifact and the
numerical solution can be made as closely as possible to the
analytic solution by using extremely small elements in the
neighborhood of the mathematical singularity. However, it

Figure 2. Meshes for the FVM (a) jet flow, and (b) slot coating flow.
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would not give any significantly better solution while the
computation time increases formidably. Therefore, we re-
garded that the numerical code be validated and decided to use
the current meshes for further calculations.

Result

Two-dimensional jet flow

We investigated the migration of particles in the jet flow
first, because the jet flow bears many important features of
the most of free-surface flows while keeping simplicity. In
Figure 4, we show the particle concentration map at the
steady state for the parameter set shown in Table 1. Since
the purpose of the jet flow is to understand the qualitative
nature of the migration in free-surface flows, the data set has
been chosen so that the migration process can be easily dem-
onstrated while keeping the basic assumptions of Phillips
et al.’s model. We used 0.41 and 0.62 for Kc and Kg as sug-
gested by Phillips et al.12 In Figure 5, we plotted the particle
fraction and velocity profiles across the gap and jet before,
at and after the exit (y ¼ �2d, �d/2, 0, d/2, 3d/2). The fully
developed profile of the particle concentration inside the die

begins to be disturbed before the exit to the air. The exit
length is approximately the same as one gap distance
between two parallel plates. This result is much the same as
the case of Newtonian fluid flowing through a circular die,27

where the redistribution of axial velocity occurs after flowing
about one radius of the die. The velocity and concentration
profiles become fully developed after flowing by one gap
distance. However, the fully developed distribution of par-
ticles is not uniform. The distribution is close to the
upstream particle distribution profile before disturbed by the
discharge to the air even though the velocity profile is fully
developed and flat. The nonuniform particle distribution is
the consequence of the fact that particle migration is a slow
process compared to the momentum transport (In this case
Dhydrodynamic=m � q_ca2=g � 0:0025). The length of flow to
travel to reach the fully developed state requires an order of
d3/a2.14 In this research this is 1,600 times the gap distance.
Since there is no gradient in shear rate in the jet with the
flat velocity profile there is no particle migration. Unless
fully mixed just before the die exit, the particle distribution

Figure 4. Particle distribution map of the jet flow.

The simulation condition is given in Table 1. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Table 1. Numerical Parameters for the Jet Flow
Calculations

Gap size of the slot (d) 4 mm
Average inlet velocity 1 m/s
Contact angle 30�
Surface tension (r) 0.05 N/m
Liquid viscosity 0.1 Pa.s
Liquid density 1000 kg/m3

Particle size (a) 100lm
Particle loading (/) 0.5
Reynolds number 3.56
Particle Reynolds number 0.089

Figure 3. Particle distribution and velocity profile of the
slit flow.

The particle loading is 0.5. The ratio of the gap size and the
particle diameter is 40. The Reynolds number based on the
gap distance and the viscosity of the well-mixed suspension
is 3.56.
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will remain in a nonuniform state considering that the d/a ra-
tio will be very large in most cases.

In Figure 6 we plotted the particle distribution and veloc-
ity profiles along the center line for three different particle
sizes of a/d ¼ 0.05, 0.025 and 0.005. It is noted that as the
particle size becomes smaller, the particle fraction at the
centerline does not change much from the upstream value.
This is a consequence of the scaling law of the diffusivity
with particle size. Since the particle diffusivity scales as _ca2

(Leighton and Acrivos1), the migration of 50 lm particles is
much smaller than that of 200 lm particles. The velocity
profiles converge to their fully developed values within two
gap distances, showing slightly faster merge for smaller par-
ticles. The fully developed velocity of the smallest particle
is the largest. This means that the thickness of the jet is the

smallest of all. The problem of die swell will be considered
later in more detail. Next we varied the particle loading. In
Figure 7 we showed the particle concentration and velocity
profiles along the centerline. It is noted that the particle con-
centration and velocity profiles reach the fully developed
state faster as the particle loading increases. The primary
reason for the faster development in the suspension with
higher loading appears to be the consequences of the
increased viscosity. Since the viscosity of the suspension
increases with particle loading the momentum diffusion time
that is proportional to d2/(g/q) decreases with particle load-
ing. Then the developing length becomes shorter with
increasing particle loading. This argument can be confirmed
when we plot the y-component velocity along the centerline
for the Newtonian fluids with the same viscosities as the cor-
responding suspensions as shown in Figure 7c. The transition
length becomes shorter as viscosity increases. However,
since the jet thicknesses are not the same due to the inertial
effect the scaling law cannot be tested rigorously even in the
case of Newtonian fluids. The differences in the transition
characteristics among different particles loadings are not as
conspicuous as in the Newtonian cases. In the case of sus-
pensions the migration problem should affect the transition

Figure 5. (a) Particle distributions, (b) velocity profiles
of the jet flow across the gap or jet at several
different positions, the positions are shown
at (c).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 6. Changes in (a) particle fraction, and (b) y-
component velocity at the center of the gap
or jet for different particle sizes.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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length. Since the particle diffusivity is an increasing function
of particle concentration in the Phillips et al.’s model, the
particles rearrange themselves faster in more concentrated
suspension as can be noticed in Figure 7. It appears that in
the case of the lower particle loading system the slower rear-
rangement of particles tends to retard the development of the
velocity profiles, and, hence, the difference among different

particle loading becomes smaller. We also performed simula-
tions for different particle Reynolds numbers as shown in
Figure 8. Inside the gap almost no difference is observed for
three different levels of particle Reynolds number studied
here, meaning that particle Reynolds number is sufficiently
small to neglect the inertial effect, and, hence, the underly-
ing assumption of zero Reynolds number in the Phillips
et al.’s model is not violated even though computations were
done at finite Rep. Here the particle Reynolds number Rep,
is defined based on the diameter of particle and the average
velocity of suspension (Rep ¼ 2auq/g(/avg)). However, out-
side of the gap there appear slight differences for different
particle Reynolds numbers. This is caused by the inertial
effect of the macroscopic flow. The inertial effect of the
macroscopic flow will be discussed in the later part. The
Reynolds number based on the gap distance can be obtained
by multiplying the particle Reynolds number by the factor of
20 in this case considering the sizes of the gap and particle.
Since the geometry of the system and the material parame-
ters are fixed, the different Reynolds numbers represent the
different velocity in this case. Considering the fact that the
hydrodynamic diffusivity scales as _ca2, and the time to travel
a fixed distance is inversely proportional to the velocity,
hence _c, we can deduce that the diffusion length that is pro-
portional to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dhydrodynamict

p
is independent of shear rate or

Figure 7. Changes in (a) particle fraction, (b) y-compo-
nent velocity at the center of the gap or jet
for different particle loadings, and (c) y-com-
ponent velocity at the center of the gap or jet
for Newtonian fluids with the same viscosity
as the suspension.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 8. Changes in (a) particle fraction, and (b) y-
component velocity at the center of the gap
or jet for different particle Reynolds number.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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the average velocity. In other words two opposing effects of
the increased hydrodynamic diffusivity due to the increase in
the shear rate, and the decreased diffusion time due to faster
velocity cancel each other. This means that the particle
migration in Newtonian fluid is dependent only on the total
shear, which was also observed experimentally for the case
of Couette flow.28

In Figure 9, we plotted the shapes of the jets for different
particle loadings and the die swell behavior of Newtonian

Figure 9. Streamlines of the flow of Newtonian fluid
(left) and suspension (right) for different parti-
cle loadings of (a) 0.3, (b) 0.4, and (c) 0.5.

The viscosities of Newtonian fluids have the same viscosity
as the suspension. The Reynolds numbers based on the gap
thickness are (a) 13.9; (b) 8.0; (c) 3.5. [Color figure can be
viewed in the online issue, which is available at wileyonline
library.com.]

Figure 10. The effect of particle loading on the jet
thickness at the fully developed state.

Figure 11. x- (a), y- (b) component velocity and particle
fraction, and (c) profiles near the exit.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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fluids that has the same viscosity as the corresponding sus-
pension. It is noted that the fully developed jet thickness is
almost the same as the die gap when / ¼ 0.3, while it is
smaller than the die gap when / ¼ 0.5. In other words there
is die contraction rather than die swell which is observed for
the case of Newtonian and polymeric fluids. In Figure 10 we
have plotted the jet thicknesses for three different particle
loadings. Within the particle loadings tested here the die
contraction becomes more conspicuous for larger particle
loading. The die swell problem of elastic liquids has been a
benchmark problem of the numerical solutions for many
years.29–36 However, the die swell problem of particle laden
fluids has not been studied theoretically or numerically. In
the case of polymeric liquids the die swell is known to be
correlated with the first normal stress difference.37 For the
polymeric fluids the first normal stress difference is positive,
and the jet swells as it comes out of the channel. In the case
of the circular jet of Newtonian fluids it has been known
that there is a 13% increase in the jet diameter when the in-
ertial effect is negligibly small. Zarraga et al.38 reported that
the first normal stress difference of homogeneous suspension

of spherical particles in Newtonian fluid is negative and pro-
portional to the shear rate. Therefore, the die contraction is
predicted for the suspension if the Miller and Morris’
approach15 was used. However, in this research, the first nor-
mal stress difference is zero because we used the Newtonian
model with a particle concentration dependent viscosity.
Therefore, die contraction observed in this research should
be caused by another mechanism explained as follows: Since
particles are concentrated at the center of the channel in this
study and the wall layers are depleted of particles, velocity
blunting results in and the average velocity of the wall layer
is much smaller than the core velocity. Here we note that
the average wall layer velocity is smaller for the particle
loaded system than for the Newtonian case due to the veloc-
ity blunting because the core moves as a plug. In Figure 11
the changes in particle concentration and velocity profiles
before and after exiting are shown for comparison when par-
ticle loading is 0.5. As the suspension flows out of the chan-
nel the flow direction velocity of the almost particle free-
wall layer catches up the core velocity, and the transverse
direction velocity becomes large near the free surface (See
Figure 11a and b). In other words, to match the material bal-
ance (the equation of continuity), as the interface velocity
becomes to the core velocity, the area should be contracted
accordingly. This results in the die contraction. During this
process there is an abrupt change in the velocity, and, hence,
the shear rate of the free surface layer is very large. To keep
the free surface stress free there develops a strong nonhomo-
geneity in shear field. This can be seen in Figure 11a and b.
The large shear rate homogeneity induces a strong migration
of particles to the core direction to results in the very low-
particle concentration at the free-surface region (See Figure
11c). In other words the particle migration toward the center
near the free surface is accelerated as the suspension comes
out of the die. This mechanism of die contraction can be
seen more clearly in Figure 9 where the distance between
the two neighboring streamlines adjacent to the wall shrinks
abruptly as the suspension comes out of the die exit, while
the distances near the center are much the same. In Figure
12 we have plotted the pressure profiles across the gap or jet
for Newtonian and particle laden cases. In the case of New-
tonian fluid the pressure at the free surface is smaller than
the pressure inside the jet. Therefore, the jet swells. In the
case of suspension the sign of the pressure gradient reverses
at the free surface and the gradient is the largest just at the
exit. The pressure field pushes the free surface to the center.

Figure 12. Pressure profiles near the exit for the suspen-
sion of / 5 0.5 (a), and Newtonian fluid with
the same viscosity as the suspension (b).

The Reynolds number is 3.5. The numbers in the legend
represent y/d. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Table 2. Numerical Parameters for the Slot Coating
Flow Calculations

Gap size of the slot (d) 0.3 mm
Gap size of the coating bead (h) 0.19 mm
Average inlet velocity 0.2 m/s
Contact angle 20�
Surface tension (r) 0.05 N/m
Liquid viscosity 0.05 Pa.s
Liquid density 1000 kg/m3

Particle size (a) 20 lm
Particle loading (/) 0.4
Web speed (vw) 0.36 m/s
Reynolds number at the die 0.24
Particle Reynolds number at the die 0.032
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This results in the die contraction. The reversal of pressure
gradient at the jet surface appears to be the consequence of
the fulfillment of material balance as described. The uneven
distribution of pressure across the gap or the jet appears to
be caused by the change in the viscous stress term from the
fully developed profile inside the gap where the x-component
velocity vanishes. Since the viscosity at the center is large
(The particle concentration is close to the maximum packing
fraction) a slightly changed velocity profile from the fully
developed profile results in the large change in the viscous
stress.

Experimentally, as far as the authors are aware of, there has
been no report in the literature on the die contraction of sus-
pensions in Newtonian fluid under the creeping flow condition.
Furbank and Morris10 and Nicolas39 observed die contraction
in the jetting of suspension into air. However, in their studies
there was a gravity effect while there is no gravity in our sys-
tem. What gravity does is to pull the jet to have a strong iner-
tial effect. When the inertia is dominant it is known that the
die contraction occurs and the ratio is 0.87.40 Therefore, we
cannot be sure whether the die contractions they observed
were caused by the same mechanism. Recently Larsen and
Shapley41 observed a die-swell-like flow of suspension in a
microfluidic system. However, their system is not the same as
ours in that in this research, the flow is strictly 2-D, and the
contraction occurs in the gap direction while, in Larsen and
Shapley’s case, the swell occurs in the span direction while
filling the gap that is fixed by solid walls.

Slot Coating Flow

Next we consider the slot coating system as shown in Fig-
ure 1b. The numerical parameters chosen here are listed in
Table 2. The numerical parameters are typical values for the
coating of electrodes in the lithium ion batteries. As was
described before, in this case, the thickness and velocity of

the suspension at the fully developed downstream are known
a priori. Considering that the flow inside the coating bead is
almost a simple Couette flow, and velocity gradient should
vanish in the fully developed flow regime, one may think
that there is no mechanism for particle migration in the case
of slot coating system. In fact the flow within the coating
bead (the region between the die exit and the web) is not
trivial. Rather depending on the size of the gap thickness
and the bead length, the flow pattern changes. The flow pat-
tern and the particle distribution at the coating bead are not
just the extensions of those in the slit die. The reason is that
there should be a change in velocity field from a parabolic
profile to a flat profile even in the case of purely Newtonian
fluid. In the case of suspension the change should be differ-
ent from the Newtonian case. In Figure 13 we show the par-
ticle concentration map at the steady state. In this case the
upstream meniscus of the coating bead is located more than
three gaps away from the slot exit and the upstream region
has a much lower particle concentration than the maximum
packing fraction, because the centerline part of the flow
inside the slot is convected to the downstream region of the
coating bead. The velocity profile is far from being linear
inside the coating bead, and due to the uneven distribution
of particles the velocity gradients near the two walls are
larger than the core of the channel. Since the length of the
coating bead is not sufficiently long the particle distribution
leaving the downstream of the coating bead is not uniform
and close to the particle distribution inside the slot. After
exiting the coating bead the velocity profile becomes flat in
six times the gap size as shown in Figure 14. Since there is
no shear after the flat velocity profile is attained, the particle
distribution becomes frozen and the fully developed profile
of the particle distribution has the nonuniform distribution.
The time t for achieving the flat velocity profile as the sus-
pension comes out of the coating bead scales as h2/m, where
h is the bead thickness, and m is the kinematic viscosity of

Figure 13. (a) Particle distribution map, and (b) streamlines of the slot coating flow.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the suspension. This means the length L to travel for fluids
with the web velocity vw is vw t ¼ vw h2/m. If we substitute
the numerical value given in Table 2 the value of L becomes
0.27 h, which is an order of magnitude shorter than the nu-
merical result of 6 h as described. It should be due to the
uneven distribution of particles. Any deeper analysis will
require parametric studies while varying relevant parameters.
Since it takes a formidably long computation time (About
two weeks to one month per each set with a 1.3 GHz Dual-
Core CPU/4GB RAM Computer), we did not perform the
parametric study for the coating problem as in the case of
free-jet problem. We believe the parametric study should be
done as a separate project using a parallel computing tech-
nique. However, the result presented here bears the most im-
portant feature of the particle migration problem. From the
result one can see that the length of the slot from the suspen-
sion reservoir should be as short as possible to have a more

uniform distribution of particles by avoiding the nonuniform-
ity at the inlet to the slot.

Discussion

In this research, we have investigated a planar jet flow
and a slot coating flow as the first step toward the under-
standing of the particle migration with free surfaces. The
result shows that, in the jet flow, even though the velocity
profile is fully developed and becomes flat the particle distri-
bution never reaches the uniform distribution. The slot coat-
ing system shows the similar result on the distribution of
particles at the downstream. These results can be valuable
information in the design of suspension handling systems
such as slot coating or curtain coating, as well as the extru-
sion of particle laden fluids.

The mathematical model considered here is a macroscopic
one, and, hence, the microscopic nature of the system cannot
be predicted with this model. There is a possibility of sur-
face deformation due to the motion of particles near the sur-
face as experimentally observed.6–8 Also there can be the
depletion of particles near the surface due to the finiteness
of those particles. In their cases there are continuous supplies
of the kinetic energy by the motion of belt or gravity which
can disturb the surface. However, in these cases of the jet
flow and coating flow, solid-like flows are evolved at the
downstream, and, therefore, no such visibly large disturbance
in surface is expected and the physics of the problem will
not be appreciably changed by the possibly present surface
change just after the exit from the parallel plates or coating
die.

Considering the Miller and Morris model,16 one may think
that the negative N1 is responsible for the die contraction.
According this numerical simulations with the Newtonian
model with /-dependent viscosity the die contraction occurs
without the effect of N1. This means that the die swell or
contraction of ‘‘real’’ Newtonian suspension with the nega-
tive normal stress difference is the combined result of New-
tonian die swell, first normal stress difference and the change
in the velocity field due to particle migration. The relative
importance of each term will determine the magnitude of die
swell or contraction.
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